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Two types of configurations, whose Levi graphs are regular and edge but not 
vertex transitive, are described, and their symmetry is determined. 
All sets considered here will be finite, and will have no repeated elements 
A configuration (see [4]) is a triple (0, B, Q of mutually disjoint sets 
0, B, I (whose elements are called, respectively, objects, blocks, and flags) 
with I C 0 x B, and (with an object x and a block A called incident if 
(x, A) E 1) such that each block is incident with the same number k of 
objects, and each object is incident with the same number r of blocks. 
An automorphism (anti-automorphism) of a configuration (0, B, I) is an 
incidence preserving permutation on the (necessarily disjoint) union 
0 u B which maps (does not map) 0 to 0. A configuration is flag 
transitive if for any two of its ilags (x, A) and (x’, A’) there is an auto- 
morphism or anti-automorphism 01 such that (01x, “A} = {x’, A’}. The 
Levi graph (see [3]) of a configuration (0, B, I) is the (undirected) graph 
with vertex set 0 u B, and with two vertices joined by an edge if and only 
if they correspond to an incident object-block pair. It follows that the 
automorphisms (anti-automorphisms) of (0, B, I> are identical to those 
automorphisms of the Levi graph of (0, B, 1) which map (do not map) 
0 to 0. An (undirected) graph G is called vertex (edge) transitive if for 
any two of its vertices x and x’ (edges [x, JJ] and [x’, ~‘1) there is an 
automorphism 01 of the graph such that cxx = x’ ((ax, q} = {x’, v’}). 
If G has no isolated vertices, and is edge but not vertex transitive, then 
its group (of automorphisms) has exactly two orbits, and the graph is 
bipartite (thus the Levi graph of a configuration) with respect to these 
orbits [S, Theorem 1; 12, p. 551. A graph is regular of degree d if each 
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vertex of the graph is incident with exactly d edges of the graph (For 
undefined graph theoretic terms we may refer the reader to fg].) 
It has been found difficult [Z, 51 to construct graphs which are regular 
and edge but not vertex transitive. An equivalent task (as we see with 
reference to the Levi graph) is to find configurations which satisfy k = r 
and which are flag transitive but admit no anti-automo~~~sm. In this 
note, two families of such configurations (and graphs) are described. 
The first family (Section 1, Corollary 3) is parametrized by tbe integers 
YI 3 3, with II occurring as the degree of the Levi graph This family, 
in a graph form, has been found by J. Folkman [private ~or~rnullicat~~~] 
as a generahzation of a graph (the case y1 = 3) discovered by Marion C. 
ray in 1932 (see [2] and [6]). The interpretation, in terms of 
configurations, yields a simple description of these graphs (compare [2]? 
for the Gray graph), and clarifies their properties. The second family 
(Section 2, Corollary 2) can be used to settle some questions posed by 
F~lkl~au [5, (4.3) and (4.4)]. 
It may be noted that all graphs of the first (second) fam.ily have girth 
equal to 8 (4). R. M. Foster lprivate communication] has found an edge 
but not vertex transitive cubic graph (with 112 vertices) whose girth 
(equal to 10) is not a multiple of 4. 
The author takes this opportunity to express his a~~reciat~o~ to 
Professor Ronald M. Foster for suggesting the publication of these 
results (those due to Folkman being published posthumously), and for 
his advice during the preparation of the manuscript. He also wishes to 
thank Professors R. Fulkerson and D. Younger for their kind cooperatj~n 
in an efTort -made to trace work of Folkman. 
1. A CUBES CONFIGTJRATI~~YI 
For any integer FIB > 1, let I(W) denote the set of integers modulo m. 
Let d, n be any integers >l. Construct a configuration C(d, n) as follows: 
Its objects are the functions from I(4 to I(n) (or equivalently, tbe d- 
tuples of elements of I(@), its blocks are the sets of YE functions whose 
values agree in all but a specified coordinate, and incidence is by set- 
theoretic inclusion. The following geometric representation of C(G& n) 
may be given: In d-dimensional Euclidean space Ed, consider ?zd cubes of 
unit size stacked up to form a cube of side length iz (with sides parallel 
to a set of orthogonal axes in Ed). The objects of C(cl, n) are represented 
by the unit cubes, and the blocks by the sets of n cubes whose centers 
lie on a line parallel to an axis. The configuration parameters k and Y 
for C@, n) are equal to IZ and d, respectively. 
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We note that, since C(d, n) has the property that different blocks are 
incident with different sets of objects, it follows that any automorphism 
of C(d, n) is uniquely determined by its restriction to the set 0 of objects 
of C(d, n) (so that the group of automorphisms of C(d, n) is isomorphic 
to its restriction to 0). The automorphisms of C(d, n) may accordingly 
by represented by their restrictions to 0, and we shall do so (without 
special reference). 
We recall some definitions. The Menger graph (see [3]) of a con- 
figuration (0, B, I) is the graph with vertex set 0, and with two vertices 
joined by an edge if and only if there is a block with which both are 
incident. It follows that the restriction to 0 of the group of auto- 
morphisms of a configuration (0, B, r> is a subgroup of the group of 
the Menger graph of (0, B, I>. The product [l, p. 23; lo] of two graphs G 
and H is the graph with vertex set G x H, and with two vertices ( g, h) 
and (g’, h’) joined by an edge if and only if g = g’ and h is joined to h’ 
in H, or h = h’ and g is joined to g’ in G. This product is clearly associative. 
A graph is the s-th power G” of a graph G if it is the product of G with 
itself s times. A graph is prime if it is not the trivial graph (consisting of a 
single vertex) and not the product of two non-trivial graphs. The complete 
graph K, with n > 2 vertices is prime. It is immediate from the definitions 
that the Menger graph of C(d, n) is the d-th power Kmd of the complete 
graph K, . 
Given two permutation groups A, B with respective object sets X, Y, 
then the exponentiation [7, p. 7481 [BIA of B with A is the permutation 
group whose object set is the set Yx of all functions from X to Y, and whose 
elements are given by the following: To each permutation 01 E A and each 
set {pT , r E X} of 1 X j permutations in B, there corresponds a permutation 
y in [BIA defined as follows: 
W)(r) = PO(~r>> (1) 
for eachfr: Yx and each r E X. Let S, , for any integer m > 1, denote the 
symmetric group on m letters. Harary and Palmer (see [9, p. 1291) have 
shown that, if G is a connected prime graph, then the group of Gd is the 
exponentiation [A(G)]sd, where A(G) denotes the group of G. Since the 
group of K, is S, , it follows (see previous paragraph) that for n > 2 
the group of the Menger graph of C(d, n) is the exponentiation [S,]‘~. 
An easy check shows that each permutation y of the form (1) (with 
X = I(d), y = I(n), CL ES, , /$. E S,) defines an automorphism of C(d, n), 
and we have: 
THEOREM 1.1. For n 3 2, the group of automorphisms (restricted to 0) 
of C(d, n) is the exponentiation [S,]‘fi (of order (d!)(n!)d). 
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(For n = 2, the objects of C(d, n) are simply the oolean functions 
of d variables, and in this case the result has been given by Slepian 
[la, p. 1871, who also observes that the corresponding group [S#a is 
the group of metric preserving symmetries of the d-~~~e~s~o~a~ cube. 
For d = 2, each object of C(d, n) is determined by exactly two integers 
modulo n, and it is seen that the Menger graph of C(2, n) is isomorphic to 
the line graph of the complete bipartite graph K(M, n). In this case the 
result has been given by Harary 17, p. 7481.) 
For the following it will be convenient to use the geometric (cubes) 
representation of C(d, n) given earlier. The automorphisms of C(dY n) 
are given by the permutations y of the form (l), where OL may be interpreted 
as a permutation of the axes in Ed; and ,&. (for each I = I,&.,., d) as a 
permutation of the n cube positions along the r-th axis. Since a and the 
/3? are arbitrary permutations (on their respective object sets), it is readily 
seen that for pz > 2, d > 2 the automorphisms of C(d, D) act transitively 
on all incidence sequences of the form (where the terms are distinct): 
and 
object-block-object-block-object, 
block-object-block-object, 
and for d 3 3 on no longer such sequences (since then three blocks in 
such a sequence may or may not have the property that the three lines 
on which their centers lie, are contained in the same plane in Ed). In order 
to express this property in terms of the Levi graph of C(d, n), we use the 
following definition: A graph G, which is bipartite with respect to a 
two-set partitioning (VI ) V,) of its vertex set, is called (~1, ~)-~~~~~j~~~~ 
(with respect to VI and V,) if for any two simple paths of length m(q), 
whose initial vertices are in V,(V.J, there is an automorpbism of G which 
transforms the one to the other. (By a simple path of length m we mean an 
ordered sequence of m + 1 distinct vertices of G such that each two 
consecutive vertices are joined by an edge of 6.) We may accordingly 
state: 
COROLLARY 1. FOP d > 2, n 3 2, the Levi graph L(d, n) qf C(d, n) is 
(4, 3)-transitive (with respect to the sets of objects and blocks, respectively), 
and for d 3 3 the respective entries 4 and 3 cannot be bettered. 
Corollary 1 generalizes the result (1) in 12, p. 5341. 
COROLLARY 2. L(d, n)(n 2 2) is edge transitive, and for d > 3 it is 
not vertex transitive. 
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Proof. The edge transitivity is easily checked for the case d = 1, and 
for d > 2 it follows from the fact that L(d, n) is (m, q)-transitive, where m 
and 4 are positive. The non-vertex transitivity, for d 3 3, follows from the 
fact that the maximal entries m(=4) and 4(=3) such that L(d, n) is (m, q)- 
transitive, are not equal. Q.E.D. 
Finally, we require: d = ~1. Our first family of graphs is therefore 
described in the following: 
COROLLARY 3. For n 3 3, the Levi graph of the configuration C(n, n) 
is regular of degree n, and is edge but not vertex transitive. Its group, of 
order (n !)n+l, is isomorphic to [S,]‘m. 
(The first part of this result, but stated without reference to configurations, 
is due to Folkman [private communication]. The case n = 3 corresponds 
to the Gray graph [6, p. 16; 21.) 
2. THE CONFIGURATIONS C(n, h,s, t) 
Let n, s, t be any integers 31, and let N, S, T be mutually disjoint sets 
of orders n, s, t, respectively. Let h be any integer satisfying 1 < h < n, 
and let Ncn) denote the set of all subsets of N of order h. Let C(n, h, s, t) 
denote the configuration whose set of objects is S x N, whose set of 
blocks is T x Nch), and with (j, X) ES x N and (i, A) E T x Nch) incident 
if and only if x E A. The configuration parameters k and r are equal to 
hs and t(gIi), respectively. The Levi graph of C(n, h, s, t) will be denoted 
by L(n, h, s, t). We note that L(n, h = n, s, t) is the complete bipartite 
graph K(sn, t). 
LEMMA 2.1. A regular graph L(n, h, s, t) fails to be vertex transitive 
$andonlyif2<h<n-2. 
Proof. The set of common neighbors of two distinct vertices (i, A) 
and (i’, A’) in T x Nch) has order equal to the number s 1 A n A’ 1, and 
if 2 < h < y1 - 2 then for fixed (i, A) and varying (i’, A’) this number 
assumes at least three different values. On the other hand, the set of 
common neighbors of two distinct vertices (j, X) and (j’, x’) in S x N 
has order equal to 
t. (number of sets in NCn) containing both x and x’), 
and for fixed (j, x) and varying (j’, x’) this number assumes only two 
values (according to the cases: x’ = x, x’ f x). It follows that if 
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2 < h < n - 2 then the vertices in the respective sets S x N and T x NC@ 
are topologically distinct and the graph cannot be vertex transitive. For 
the remaining cases h = 1, YE - 1, and n, we easily check that if L(n, h, s, 1) 
is regular, then it is also vertex transitive. 
Let A, B, C be three permutation groups with respective object sets 
X, Y, Z, and suppose A has exactly two orbits XI and X, . The t~v#-~~~~~ 
wreath product A[B; C] is defined to be the ~errn~~tatio~ group whose 
object set is the disjoint union (Y x XI) u (2 x K,); and whose elements 
are given by the following: To each 01 E A, each set (pa ) a E X,> of / XI / 
permutations in B, and each set (yb , b E X,) of 1 Xz j p~rrn~tat~o~s in C, 
onds a permutation X of A[B; C] defined as follsws: 
and 
4% 4 = @L YY 4 foreach (JJ;~)EYX X, 
%z, 6) = (Y&A ab) for each (2, b) E Z x X, ~ 
69 
Let s, 0 s;p denote the group consisting of all permutations on the 
disjoint union N u N tn) of the form ( p, pch)), where p is any permutation 
on N, and p(U is the naturally induced permutation on Nch) (that is, for 
any A E Nch), pch)A = (px, x E A)). 
THEOREM 2.1. The group of automorphisms of C(n, h, s, t) is the two- 
orbit wreath product W = (S, 0 SLh))[S, ; St] (of order nl (s!)” (t!)$‘)< 
For 2 < h < n - 2, C(n, h, s, t) has IEO anti-a~tomolr~hism (so that 
also the group of L(n, h, s, t)). 
Proof. We give the proof in terms of the Levi graph. First consid 
the graph I&z, h, s = 1, t = l), with vertex set identified (in the natur 
way) with the disjoint union N u N th). Since each vertex in Nch) is uniquely 
determined by its set of neighbors in N, it follows that the group of a11 
those automorphisms of L(n, h, 1, 1) which transform N to N is the group 
S, 0 Skh’ (with S, acting on N), and for 2 < h < iz - 2 this is the group 
of all automorphisms of L(n, h, 1, 1) (since then the vertices in N@) an 
N have different degrees). We now consider L(n, h, s, f) to be constructe 
from L(rz, h, 1, 1) by the replacement of each vertex h: in N by a null graph 
(that is, a graph with no edges) Ns(x) with s vertices, and each vertex A 
in Nch) by a null graph N,(A) with t vertices (with a13 or none of the edges 
between two graphs Ns(x) and N,(A) inserted, depending on whether or 
not x is joined ts A in L(n, h, 1, 1)). Pt is evident that each ~e~uta~io~ 
in W (with S, (S,) acting on the vertex set of the null graph with s (t) 
vertices) is an automorphism of L(n, h, s, 1). Conversely, since two 
vertices in the same (different) null graph(s) of the form 
have the same (different) set(s) of neighbors, it follows 
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sets of these null graphs are sets of imprimitivity of (the two transitive 
constituents of) the group of all those automorphisms of L(n, h, s, t) 
which transform S x N to S x N. This group must accordingly be a 
subgroup of the group U[S, ; S,], where U denotes the group of all those 
automorphisms of L(n, h, 1, 1) which transform N to N. The first state- 
ment follows. Since no non-regular graph can be vertex transitive, the 
second statement now follows from Lemma 2.1. Q.E.D. 
COROLLARY 1. The graphs L(n, h, s, t) are edge transitive. 
Proof. For any two pairs of the form ((j, x), (i, A)) and ((j’, x’), 
(i’, A’)), where j, j’ ES; i, i’ E T; x, x’ E N, and A, A’ E Ncn), with x E A 
and x’ E A’, there exist: a permutation ,i3 on S which maps j to j’, a 
permutation y on T which maps i to i’, and (since the symmetric group 
S, is h-transitive) a permutation 01 on N such that olx = x’ and GA = A’. 
Since these permutations 01, p, y may be used for the permutations 
a, PDlz 2 y:y in (2) the Corollary is a consequence of Theorem 2.1. 
Q.E.D. 
(We may note here that the proof of Corollary 1 implies that L(n, h, s, t) 
is (1, l)-transitive (for the definition, see Section l), and for s > 1, 
t > 1, 2 < h < IZ - 2, the individual entries 1 cannot be bettered (since 
it then holds that some two blocks (objects) are, and some two blocks 
(objects) are not, incident with the same set of objects (blocks)).) 
COROLLARY 2. A regular graph L(n, h, s, t) is edge but not vertex 
transitive if and only if 2 < h < n - 2. 
Proof. Lemma 2.1 and Corollary 1. 
Since in L(n, h, s, t) the number of vertices in S x N is sn (all of the 
same degree t(zi)), and the number of vertices in T x N(W is t(i) (all of 
the same degree sh), the regularity condition on L(n, h, s, t) may be stated 
as: 
sn=t’ 
0 h’ (3) 
It is evident that, for any choice of n and h, there exist integers s and t 
satisfying (3). Using Corollary 2, our second family of graphs is chosen 
to be the graphs L(n, h, s, t) whose parameters n, h, s, t satisfy the 
conditions: 2 < h < n - 2 and (3). 
Remark. By a study (continuing that begun in the proof of Lemma 2.1) 
of the sets of simple paths of length 2 emanating from the two types of 
vertices of L(n, h, s, t), it can be shown that for 2 < h < n - 2 the 
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different ordered 4-tuples (n, h, s, t) determine non-isomorphic graphs 
I@, iz, s, t). Since (3) is equivalent to the condition: 
and 
where m = g.c.d. (n, (i)), and c is any integer >I, it follows that the 
regular and edge but not vertex transitive graphs of the form L(n, h, s, t) 
are in 1 - 1 correspondence with all triples (n, h, c) of integers fz: k, G 
satisfying: y1 > 4, 2 < h < n - 2, c > 1. 
If L(E, k, s, t) is regular, then it has 2sn vertices, and is of degree hs. 
We conclude with examples of some independent interest: 
(I) L(5,2,2, 1) is isomorphic to a graph (with 20 vertices, and of 
degree 4) constructed by Folkman [2, Figure I] (and generalized 
[2, Theorem 41 in a different way). 
(2) L(7,3, 5, 1) (with 70 vertices, and of degree 15) is an example which 
settles in the affirmative the existence question 12, (4.3)] of Folkman. 
(3) L(4,2, 3,2) (with 24 vertices, and of degree 6) and E(7, 5, 3, I) 
(with 42 vertices, and of degree 15) are examples which settle in the 
affirmative the question [2, (4.4)] of Folkman. 
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